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Given a finitely generated abelian group, structure theory tells us that it is of the form

Z”@Z/pg‘*Z, ko € N, pg prime

The question is how can we get at the ”local” peices without perhaps knowing the whole group.

1 Lemmas

Lemma ([AMI8], Prop 2.14). For Z modules My, N tensored over Z

(@%) N =P (Ma ®N)

Lemma (Proof on Stackexchange)).
Z/mZ ®z 7Z/nZ = 7] ged(n, m)Z

Lemma.
Z/mZ ®z Q=0

Proof. (Following Ex.2 in Tensor product chapter [AMIS]) Consider the exact sequence of
Z modules

0—-mn)—2Z—7Z/(n)—=0
We tensor it with Q to get an exact sequence (Q is flat by the 0OAUW lemma below)
0= MneQ—>Q—(Z/(n)®Q—0

by exactness and the first isomorphism theorem we know that

(Z/(n)) ® Q= Q/((n) ® Q)

but because (n) = Z as a Z module (note that to see that if A = B then AQ M = B® M we can
apply the tensor product to the isomorphism between A and B, at least when M is flat as Q is then
it will preserve isomorphisms)

MeQ=ZQ=Q
we have that (Z/(n)) @ Q 2 Q/Q = 0.



https://math.stackexchange.com/a/179065/1368898

Recall that Z,) is Z localised at the ideal (p), this inverts everything outside of the ideal. Strictly
we define the multiplicative set S = Z — (p) and then define Z,) = S~'Z.

Lemma.
Z/q"L, q=p
0, qFp

Proof. [AMIS| Prop 3.5] states that Z,y ® M = M. So we need to calculate only Z/q"Z
localised at (p). When p = ¢ then we are inverting elements that are not in (p), that is elements of
Z coprime to p, all of which are already inverible in Z/q"Z, so this has no effect. When p # ¢ then
q € Z — (p), that is it is not in the ideal (p), hence it is one of the elements that we are inverting.
But so is ¢". Therefore we have to have a group such that the image of g™ is both the multiplicative
and additive unit, this can only be in the trivial group.

Z(p) & Z/an = {

Lemma (Stacks Project, Lemma 0AUW). Z, is flat as a Z module.

| Proof. Just to be extra clear, Z,) is a Q subring and therefore torsion free.

2 Discussion

So now if we have our finitely generated abelian group as above then because the tensor product
distributes over the sum when we tensor product it with a group we will get a direct sum back and it
will be of the peices tensored.

If we want to find the rank of the free part we tensor with Q as this will send all the torsion parts
to the trivial group and give you a Q vector space of the same rank as the rank of the Z in the original
group.

If we want to find the torsion peices it is clear that we cannot just tensor with the cyclic groups (or
the finite fields) as this merely ”counts” the number of peices that have a common factor for instance

7JAT.® )27 = 7.)27.® 7,)27. = 7./27.

On the other hand we can see that tensoring with the localised integers will give us the required peice.
Thus we have basically proven that for a finitely generated abelian group G then

GuzmoR @) Goz,

p prime

we call G ® Zp) the p-primary part of G.


https://stacks.math.columbia.edu/tag/0AUW
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